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Session 1: Introduction to Problem Solving - Meeting Notes

\You cannot teach a man anything, you can only help him �nd it within
himself."

\In questions of science, the authority of a thousand is not worth the
humble reasoning of a single individual."

Galileo Galilei

OPTIONAL MATERIALS : chessboard and dominoes

OUTLINE :

- introduction
- time for problem solving (handout)
- discussion - introduction of this semester's game, `Twenty-one Plus'
- hand out problem set and make closing comments

INTRODUCTION :

Begin with a welcome and possibly also a team-building activity, depending on how many
students attend and whether or not they know each other. Share information from the
introduction to this document, regarding what participants can expect to gain from this
seminar. Explain the structure - meeting times and dates - and also that students have
opportunity to take part in a nation-wide math competition, for which �rst place is a
$3000 scholarship. As part of the introduction be sure to talk about the di�erence between
problems and exercises, the bene�ts of having problem solving skills, and the fact that
much of the time during our meetings will be spent in actual problem solving rather than
direct instruction. Students will work individually or collaborate, depending on the topic,
and they will present their �ndings.

COMMENTS ON HANDOUT :

The handout the participants will be working with during the session contains a variety of
problems in order to introduce them to problem solving and toget across the di�erence
between exercises and problems.

Problems 1 and 2 are rich problems which can involve strategies of using manipulative
materials, making an organized list and looking for a pattern. There is an elegant pattern
that appears in this problem. The number of geometric squares is the sum of square
numbers. The idea is that after working problem 1, problem 2 will be an exercise rather
than a problem. This is to illustrate the idea of taking any problem you solve and putting
it in your `arsenal' to take out to attack future problems by reducing them to exercises that
you know how to approach. Never do a problem and then forget it; always �le it away for
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future use. The answer to number 1 is 55, which is 1 + 4 + 9 + 16 + 25and the answer to
number 2 is 89; 440 or 1 + 4 + 9 + 16 + � � � + 632 + 642.

Problem 3 is simpler than it seems if you use logic. A chessboard and dominoes are
suggested as manipulative materials that students can use for exploring this problem. The
answer to the problem is `no,' because the task is impossible. The reason is it impossible is
that each domino will cover a white square and a black square,but if you remove opposite
corners you have removed two corners of the same color; therefore it cannot be covered
with dominoes. Exploration is a good idea, but standing backand thinking logically makes
it clear why the answer is `no.'

Problem 4 is intended to give students experience in `getting their hands dirty.' One
possible solution is (800); (053); (350); (323); (620); (602); (152); (143); (440). This is
assuming the jugs are in the order pictured.

Problem 5 is from a previously given SML competition, so it isintended to introduce the
students to such problems. Also, there is a twist to it. It seems that the answer should be
B. 1 for April 30; however the answer is C. 2 because February 29, which only occurs on a
leap year, gives us 58, which is not a leap year.

Problem 6 may seem impossible or unfair or as if it doesn't belong, but it's intended to test
the participants' resourcefulness. They know more than they realize. In order to �nd the
12 letters of the Hawaiian language, like all Hawaiian wordsyou know - aloha, Maui,
ukelele, Hawaii, luau, muu muu - listing all the letters you �nd until you get 12: The letters
are A, E, H, I, K, L, M, N, O, P, U, W.

After discussing as many of these problems as time allows, hand out the sheet that has this
semester's game on it, and introduce the game.

COMMENTS ON PROBLEM SET :

These are the problems the participants are to be working on for the next session. Many of
these look forward to the next topic, which is the \Find a Pattern" strategy.

For problems 1 it is natural to immediately think the answer is 100, but the rate is that it
takes a cat 3 minutes to kill a rat, so the answer is 3 minutes.

Problem 2 is from a previous SML competition. A good approachhere is to ignore the
other numbers and list the middle numbers and look for a pattern. This one is reasonably
di�cult and leads well into the tool `�nite di�erences,' whi ch should be introduced at the
next session as a nice tool.

For problem 3 the idea is to look at combinations of numbers inthe rows. In each case the
�rst and third numbers add to the same result that the second and fourth numbers
multiply to, so the answer is 11. This might be a good place to remind students not to
restrict themselves in ways that aren't in the rules. Many people see this problem and think
the answer must be a single digit because all the other entries are, but this isn't the case.
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Problem 4 is a good place to mention the strategy `state and solve a simpler problem' as
well as `look for a pattern.' Consider powers of 2 beginning with 21. List as many as
necessary until a pattern emerges upon division by 7. The answer is 1.

Problem 5 has to do with thinking outside the box. The patternis alphabetical order, so 6
should be placed after 7.

The answer to problem 6 is B. 972. It's a challenge, and that'sthe point. This one may
have to become a `back-burner problem.' My experience is that students look for a
geometric series �rst and get stumped because it turns out that the ratio is not a whole
number, which makes it hard to �nd. Prime factorization is a good start, and looking for
an arithmetic sequence works well from there, as there is a factor of 5 and of 7 that should
give it away. There are actually in�nitely many sequences that can give rise to the answer,
but they all lead to the same answer. Another approach at solving is to write the �rst
couple of terms using formulas for geometric and arithmeticsequences:

96 = a1 � g1

180 = (a1 + d) (g1r )

A series of equations doesn't get us very far, but we can note that
96
a1

= g1, look at the

factors of 96 and then the factors of 180 and use guess and check
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Session 1: Introduction to Problem Solving - Handout

\You cannot teach a man anything, you can only help him �nd it within
himself."

\In questions of science, the authority of a thousand is not worth the
humble reasoning of a single individual."

Galileo Galilei

1: How many squares of any size are there in the diagram below?

2: How many squares of any size are there on a chessboard?

3: The opposite corners of a chessboard are removed. Is it possible to cover the
remaining 62 squares using 2-by-1 dominos?

over
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4: You have three jugs, which respectively hold 3 litres, 5 litres, and 8 litres of water.
The 8 litre jug is full, the other two are empty. Your task is todivide the water into two
parts, each of 4-litres, by pouring water from one jug into another. You are not allowed to
estimate quantities by eye, so you can only stop pouring whenone of the jugs involved
becomes either full or empty.

8 5 3

5: Call a date mm=dd=yymagical if mm � dd = yy. For example 12=02=24 ismagical ,
but 02=05=11 and 7=15=05 are not. How many of the following dates can NEVER be
magical ? SML

January 31 February 29 March 31 April 30

A. 0 B. 1 C. 2 D. 3 E. 4

6: The Hawaiian Language is said to be very musical, probably because its alphabet
contains only 12 letters. List these 12 letters.
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TWENTY-ONE PLUS

Most or all of us probably remember some letter or number games from childhood.
Perhaps you remember games from long car trips like �nding all the letters of the alphabet
on signs or license plates or games you might hear on the playground like
\eenie-meenie-minie-moe" or \I one it, I two it . . . I jumped over it and you ate it!" One
such counting game has the following rules:

This is a two person game, and the winner is the person who says\21." We
start with the number 1, and each of us can count one or two or three numbers
at a time."

Play this game a number of times over the next few weeks (you might want to keep a
record of which numbers each player says), think about strategy as you play, and then
answer the following questions:

1. Is there a strategy that will allow you to win every time? Ifso, how?

2. Can you win this game in general even if you are counting to anumber other than 21
and/or can count by groups of more or less than three numbers?

At our sixth meeting this semester we will discuss strategies you've come up with.
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MATHEMATICAL PROBLEM SOLVING SEMINAR
FALL 2013 SCHEDULE

We will meet on the following Thursdays from 3:00pm to 4:30pmin the Integrated
Learning Center on west campus. The competition will be heldon the �rst Saturday in
November - time and location to be announced.

Thursday, September 5 - Introduction to Problem Solving

Thursday, September 19 - Look for a Pattern

Thursday, October 3 - Number Theory (Divisibility)

Thursday, October 17 - Use a Diagram

Thursday, October 31 - SML Classics

Saturday, November2 SML Competition

Thursday, November 14 - Twenty-One Plus Game and Competition Reection

Thursday, December 5 - Puzzles and Pseudoproofs
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Session 1: Introduction to Problem Solving - Problem Set

\You cannot teach a man anything, you can only help him �nd it within
himself."

\In questions of science, the authority of a thousand is not worth the
humble reasoning of a single individual."

Galileo Galilei

1 If 3 cats kill 3 rats in 3 minutes, how long will it take 100 cats to kill 100 rats?

2: The counting numbers are written in the pattern below. Find the middle number of
the 40th row. SML

1
2 3 4

5 6 7 8 9
10 11 12 13 14 15 16

3: Below are four horizontal number sequences, one of which contains a blank. Fill it in
by �guring out the one rule that governs all four arrangements.

3 2 7 5
5 6 7 2
1 2 5 3
4 3 5
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4: Find the remainder when 22004 is divided by 7.

5: Where does 6 �t in the following list? 8 5 4 9 1 7 3 2

6: Multiplying the corresponding terms of a geometric and an arithmetic sequence yields
the sequence 96; 180; 324; 567; : : : . Find the next term of the new sequence. SML

A. 960 B. 972 C. 980 D. 984 E. 988

Remember as you have time to work on this semester's game.,

Our next meeting will be Thursday, September 19, 2013
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Session 2: Look for a Pattern - Meeting Notes

\A mathematician, like a painter or poet, is a maker of patterns.
If his patterns are more permanent than theirs, it is becausethey
are made with ideas."

G.H. Hardy, A Mathematician's Apology

INTRODUCTION :

Begin with a discussion of the previous problem set. Problem2 there should lend itself to
an introduction to `�nite di�erences' at some point in today's session. Math has been
de�ned as the study of pattern, so looking for patterns is a very powerful problem solving
tool. There are certain patterns students should immediately recognize - evens, odds,
squares, powers of two, Fibonacci numbers, cubes, triangular numbers, primes etc. These
should be pointed as appropriate throughout today's session (perhaps even at out listed
before the end).

COMMENTS ON HANDOUT :

Problems 1 consists of a variety of patterns - Fibonacci numbers (be sure to mention
Fibonacci-type sequences and Lucas numbers) - numbers increasing by consecutive odds,
get into relationship with square here, this is also a good time to bring up �nite di�erences;
the pattern here isn2 + 5 - clock arithmetic (familiar, but do they see it?!) - namesof
numbers: one, two, three, etc. - two-digit primes written with digits reversed - the `see and
say' pattern.

Problem 2 is Pascal's Triangle. Students are likely to be familiar with the construction of
this already, but they'll have to notice a couple of patternsin answering the second part -
that the sum of each row is a power of 2 - and that summing powersof 2 yields one less
than the next power of two, so the answer is 2n+1 � 1 or 220 � 1. Question - are you
counting the top of the triangle as row 0 or row 1?

Problem 3 is the classic handshake problem - an excellent place to use `state and solve a
simpler problem,' `draw a picture,' and `look for a pattern.' The answer is 1275

For problem 4, the answer is 220 The formula is 2n(n + 1)

Problem 5 is also a classic. It too has to do with sums of powersof two. It takes 264 � 1
moves, which is over 18 quintillion seconds or about 5:8 billion years.

COMMENTS ON PROBLEM SET :

The �rst four problems continue with patterns - many similar to the ones on the handout.
The last three problems have to do with number theory and divisibility to give the
students a chance to work with that before our next session, which is on that topic.

Problems 1 has to do with names of ordinal number: �rst, second, third, etc.
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Problem 2 requires looking at what is not there. These are thecomposites or non-prime
numbers.

Problem 3 is similar to problem 4 on the handout, but it is a bitharder. The answer is

15; 150 3n + 3
�

n(n � 1)
2

�
= 3n

�
n + 1

2

�

Problem 4 comes from a Google Labs Aptititude Test. It has to do with lengths of number
names. Each number in the sequence is the largest number thatcan be written with the
amount of letters it is written with. The answer is A. 96.

Problem 5 may become a back-burner problem. It turns out thatpowers of two cannot be
written as sums of consecutive integers. The proof of this has to do with parity, which we
will cover third semester.

Problem 6 involves number of divisors a number has. Three numbers that will work are
24 = 16, 34 = 81, and 54 = 625. Notice we skip over 44 because that would give us more
divisors. This is a good one to pull apart and do some listing and see why and how it works.

Problem 7 has to do with factoring a binomial. For example, 4 divides evenly into 156
because 4 goes into (100 + 56). Four always divides 100, so allwe have to be concerned
about are the last 2 digits. For 8 we are concerned about the last 3 digits, since 8 divides
one thousand. Consider 1; 793; 162; 540 = (1; 793; 162; 000 + 540).
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Session 2: Look for a Pattern - Handout

\A mathematician, like a painter or poet, is a maker of patterns.
If his patterns are more permanent than theirs, it is becausethey
are made with ideas."

G.H. Hardy, A Mathematician's Apology

1: Determine the pattern in each sequence below, and �ll in the blank(s):

� 1, 1, 2, 3, 5, 8, 13,

� 6, 9, 14, 21, 30, (After �lling in the blank, �nd a formula for the nth term.)

� 1, 6, 11, 4, 9, 2, 7, , , , ,

� O, T, T, F , F , S, S,

� 11, 31, 71, 91, 32, 92, 13, 73,

� 1, 11, 21, 1211, 111221,

2: The triangle of numbers you see below is known as Pascal's Triangle. Find the pattern
that governs it, �ll in the next two rows, and then determine the sum of all the numbers in
the �rst 20 rows of Pascal's Triangle.
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3: The governor's of all 50 U.S. states gather for a Governor's Summit. If each one of
them shakes hands with each of the others, how many handshakes are there?

4: Consider the diagrams made of toothpicks below, and predictthe number of
toothpicks needed for a square pattern of side length 10.

5: The image above is of a puzzle known as theTowers of Hanoi. The object of the
puzzle is to move the tower of disks that is currently on the �rst peg to one of the other
pegs. You may only move one disk at a time, and you can never place a larger disk on a
smaller disk. There is a legend that goes with this puzzle, and that is that in an Asian
temple monks have the task of solving this puzzle with 64 disks. They work at it in shifts,
working around the clock and moving one disk per second; theynever make a mistake in
their moves (i.e. they work with complete e�ciency - no extraor wasted moves). The
legend is that when they have completed the task the world will end. How long will it be
from the time they began until the time they �nish? (A java applet that you can actually
play of this puzzle is at the link below.)

http://www.mazeworks.com/hanoi/index.htm
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Session 2: Look for a Pattern - Problem Set

\A mathematician, like a painter or poet, is a maker of patterns.
If his patterns are more permanent than theirs, it is becausethey
are made with ideas."

G.H. Hardy, A Mathematician's Apology

1: F , S, T, F , F , S, S,

2: 4, 6, 8, 9, 10, 12, 14, 15, 16, 18,

3: Consider the diagrams made of toothpicks below and predict the number of toothpicks
needed for a triangular pattern of side-length 100.

4: The following problem comes from an aptitude test from one ofthe major Internet
companies for prospective employees. Be sure you have good support for your answer.

What number comes next in the sequence: 10; 9; 60; 90; 70; 66; : : : ?

A. 96 B. 10100 C. A or B D. None of these
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5: In algebra classes we consider word-problems involving sums of consecutive integers.
Notice that 10 = 1 + 2 + 3 + 4 and that 23 = 11 + 12. Are there any positive integers that
cannot be written as a sum of consecutive positive integers?If so, why can they not be
written as such sums? What patterns do you notice as you explore this problem?

6: Find three numbers less than 1000 that have exactly 5 divisors.

7: Two divides evenly into numbers that end in an even digit. Four divides evenly into
numbers whose last two digits form a two-digit number that isdivisible by four. Why?
Can you �nd a related `divisibility test' for determining when eight goes into a number? If
so, why does it work?

Remember as you have time to work on this semester's game and on any `back-burner'
problems. ,

Our next meeting will be Thursday, October 3, 2013
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Session 3: Number Theory (Divisibility) - Meeting Notes

\Mathematics is the queen of sciences, and the theory of
numbers is the queen of mathematics."

Karl Friedrich Gauss (1777-1855)

OPENER AND DISCUSSION
Open the session by having students work at problems 1� 3 on the handout. Then discuss
these three problems along with problems from the previous problems set and bring in
ideas of divisibility tests and number of factors as the discussion is taking place. As
divisibility tests are being discussed, problem 7 from the previous problem set should be
discussed. Problem 6 from the previous problem set as well asproblem 3 from today's
handout lead well into issues of number of factors. Problem 4from the previous problem
set should also be discussed - the one about sums of consecutive integers. It may become a
`back-burner' problem, especially in terms of why it is thatpowers of 2 cannot be written
as sums of consecutive positive integers. The last two problems on the problem set lead
into the next session, the one on the use of diagrams. This should not be mentioned, and
students should be given every opportunity to approach these problems as true problems.

ANSWERS AND COMMENTS ON HANDOUT :

1: D 11 2: C 2

3: 299 This is a good problem to discuss, as it gets into ideas of counting factors.

4: No answer yet - we'll �gure it out together!

5: 38 6: C 40 7: B 12

ANSWERS AND COMMENTS ON PROBLEM SET :

1: A 679 2: A 25

3: No answer yet - we'll �gure it out together!

4: No answer yet - we'll �gure it out together!

5: 60 = 22 � 3 � 5, 72 = 23 � 32, 84 = 22 � 3 � 7, 90 = 2� 32 � 5, 96 == 25 � 3 An approach in
solving this is to use what we now know of �nding the number of factors in a number based
on exponents on the prime factorization, and to begin with the smallest primes we can. We
will need to use more than one prime, as 211 is greater than 100.
6: Use a `three-way chart' to organize the information - just like the charts found in
Penny Presspuzzle magazines for these sorts of problems. Once the chartis labeled, use a
process of elimination and logic to determine the answer. Dr. Cadmon is the dentist and
the parent of Sylvia. Dr. Holt is the educator and parent of Maria. Dr. Reed is the
physician and parent of Denise.
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7: 66:5% and 28:0% This problem also leads to our next topic. Here the most appropriate
diagram is a Venn Diagram.
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Session 3: Number Theory (Divisibility) - Handout

\Mathematics is the queen of sciences, and the theory of
numbers is the queen of mathematics."

Karl Friedrich Gauss (1777-1855)

1: Find the number of three-digit numbers containing no even digits which are divisible
by 9. SML

A. 8 B. 9 C. 10 D. 11 E. 12

2: Add any integer N to the square of 2N to produce an integerM . For how many
values ofN is M prime? SML

A. 0 B. 1 C. 2 D. a �nite number > 2 E. an in�nite number

3: Find the smallest positive integer having exactly 100 divisors.

4: Find the largest number that uses each of the digits 0-9 exactly once and is divisible
by 11 without a remainder.

5: Find the sum of the three smallest positive integers that have exactly three positive
integral factors.

6: Replace each letter ofAMAT Y C with a digit 0 through 9 (equal letters replaces by
equal digits, di�erent letters replaced by di�erent digits). If the resulting number is the
largest such number divisible by 55, �ndA + M + A + T + Y + C. SML

A. 36 B. 38 C. 40 D. 42 E. 44

7: The number 875530p765q6 is divisible by both 8 and 11, withp and q both digits from
0 to 9. The number is also divisible by SML

A. 7 B. 12 C. 16 D. 18 E. not enough information to know
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Session 3: Number Theory (Divisibility) - Problem Set

\Mathematics is the queen of sciences, and the theory of
numbers is the queen of mathematics."

Karl Friedrich Gauss (1777-1855)

1: The sum of six consecutive integers beginning atn is a perfect cube. The smallest
suchn is 2. Find the sum of the next two smallest suchn's. SML

A. 679 B. 680 C. 681 D. 682 E. 683

2: When AMATYC is transformed into a 6-digit number by replacing identical letters
with identical digits and di�erent letters with di�erent di gits, the result is divisible by 35.
Find the �nal 2 digits for the least such number. SML

A. 25 B. 35 C. 45 D. 65 E. 75

3: The year 2013 has the property that when its distinct prime factors 3; 11, and 61 are
each reduced by 1 and written in increasing order (that is, 2,10, 60) each number is a
factor of the next. Find the next year with this property. SML

A. 2014 B. 2015 C. 2016 D. 2017 E. 2018

4: Find the smallest number that uses each of the digits 0-9 exactly once (not starting
with zero) and is divisible by 11 without a remainder.

5: Between 1 and 100 there are �ve numbers that have exactly twelve factors. What are
the �ve, and what is the quickest way to �nd them?
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6: Denise, Maria and Sylvia are the daughters of Dr. Cadmon, Dr.Holt, and Dr. Reed,
who are an educator, a dentist and a physician, but not necessarily respectively. Use the
statements below to match the parents to their professions and their daughters:

1. Dr. Holt is not the physician.

2. Dr. Cadmon's daughter and Maria went swimming with the physician's daughter.

3. Denise and Maria are the best friends of the dentist's daughter.

7: Recently, Green Day, the Kings of Leon, and the Black Eyed Peas had concert tours in
the United States. A large group of college students was surveyed, and the following
information was obtained: 381 students saw Black Eyed Peas,624 saw the Kings of Leon,
712 saw Green Day, 111 saw all three, 513 saw none, 240 saw onlyGreen Day, 377 saw
Green Day and the Kings of Leon, and 117 saw the Kings of Leon and Black Eyed Peas
but not Green Day. What percent of college students surveyedsaw at least one of the
bands? What percent of college students saw exactly one of the bands? (Give your answers
to the nearest tenth of a percent.)

Remember as you have time to work on this semester's game and on any `back-burner'
problems. ,

Our next meeting will be Thursday, October 17, 2013
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Session 4: Use a Diagram - Meeting Notes

\A diagram is worth a thousand words."

Dr. Carl E. Linderholm

Begin by answering questions about divisibility problems from last time (and/or having
students discuss them). When going over the previous problem set, mention `work
backwards' on problem 3 - a perfectly legitimate strategy, and a one that prove useful on
the SML competition where all problems are multiple choice,with no `none of the above'
option.

Then go over the diagram problems from the last problem set. If a students has solved one,
let that person present it. These were pretty challenging, especially as most students likely
to be part of a seminar such as this probably have not encountered these sorts of problems
because most won't have taken a liberal arts mathematics course. Use these di�cult
problems to lead into the helpfulness of using a diagram. If the students weren't able to
solve these, begin with the easier problems that are on the handout, making sure to do a
grid logic problem and a Venn diagram problem. Problem 5 on the handout is a doozy! It
requires a `four-way' chart. If the students come in with knowledge of logic problems and
Venn diagrams, this will be a good one to go to!

Begin work together on the hyper-cube problem. A good starter for this problem would be
to use the image of a rotating tesseract, which can be found onWikipedia or YouTube. Use
the 4-D question to continue with patterns but also bring in the use of a diagram - in fact,
more than one - diagram of a hypercube, and a diagram/chart todetermine the pattern.
Introduce how the shape is created, beginning with 0-dimensions to 1-dimensional line, 2
dimensional square, etc. Share a bit about the fourth dimension, but don't go overboard
with it because that is going to be a topic for a full session atthe end or semester 4.

Mention that next time will be a mini-competition and that some problems on the problem
set are practice for that. If we have time we can work togetheron some of those!

ANSWERS, HINTS AND COMMENTS

Hanoudt

1: A 3 � 3 grid and a process of elimination works well here. Anthony was on the
Internet. Jacob was playing Nintendo. Caleb was watching TV.

2: Use a Venn diagram here. It will also involve either some algebra or some guess and
check. 3 geckoes �t this description.

3: A 4 � 4 grid and a process of elimination works well here. Carol is nicknamed Dutch.
Milton's nickname is Skeeter. Owen's nickname is Dusty. Shirley's nickname is ladybug.
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4: A hypercube has 16 vertices, 32 edges, 24 faces, 8 cubes, and 1hyper-cube. Make a
diagram listing parts (vertices, edges, faces, etc.) across the top, and shapes (point, line
segment, square, etc.) along the side. Beginning with the point �ll in what you know to be
true. Once all parts of all shapes are accounted for, other than the hyper-cube, look for
patterns in the chart to determine how many of each part the hypercube has. You can also
use an image of a cube within a cube, with corresponding vertices connected by edges as a
further help.

5: A 3 � 3 grid and a process of elimination works well here. Barbara is the center.
Maria is the guard. Sheila is the forward.

Problem Set

1: Miss Green is wearing blue. Miss Pink is wearing green. Miss blue is wearing pink.
This problem is one intended to lead to our next topic, which is that of using a diagram.
Simply drawing a 3� 3 grid, with rows representing people and columns representing colors
and using a process of elimination simpli�es this problem!

2: Use a Venn diagram to �nd that 26 children liked The Little Mermaid only, 24
children liked 101 Dalmatians only, 34 children liked Mickey Mouse only, and 115 children
were polled in all.

3: A hyper-hyper cube contains 32 vertices, 80 edges, 80 faces,40 cubes, 10 hyper-cubes,
and 1 hyper-hyper cube. Here patterning is going to be extremely important.

4: E 0:2212 (This might be another good place for working backwards!)

5: D x =
� c
a

6: B 22 (Here too, perhaps a work backwards strategy - or at leasttake note of the sizes
of the potential answers - and the fact that the variables areall cubed, so that narrows it
down to one list of powers.)

7: E 7776
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Session 4: Use a Diagram - Handout

\A diagram is worth a thousand words."

Dr. Carl E. Linderholm

1: Anthony, Jacob and Caleb enjoyed their last day of summer vacation by relaxing at
home. One of them played Nintendo all day; another watched DVD's on TV all day, and
the other spent all day on the Internet. Anthony gets really annoyed when the TV is on all
day. Caleb took a break from his activity to try to help the person who was playing
Nintendo get past a certain level, but when he wasn't able to,Anthony came in and tried
to help also. What activity was each boy doing?

2: Suppose I discovered that my cat had a taste for the adorable little geckoes that live
in the bushes and vines in my yard, back when I lived in Arizona. In one month, suppose
he deposited the following on my carpet: six gray geckoes, twelve geckoes that had dropped
their tails in an e�ort to escape capture, and �fteen geckoesthat he'd chewed on a little.
Only one of the geckoes was gray, chewed on, and tailless; twowere gray and tailless but
not chewed on; two were gray and chewed on but not tailless. Ifthere were a total of 24
geckoes left on my carpet that month, and all of the geckoes were at least one of `gray',
`tailless', and `chewed on', how many were tailless and chewed on but not gray?

3: Barbara, Maria, and Sheila play on the girls' varsity basketball team of their school.
The positions of the girls are forward, guard, and center, but not necessarily respectively.
The following additional facts are know:

1. Maria and the center have each scored more points to date than Sheila.

2. Maria is not the forward.

Who plays each position?
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4: A square, which is a 2-dimensional object, has 4 vertices, 4 edges, and 1 face. A cube,
which is a 3-dimensional analog of a square, has 8 vertices, 12 edges, and 6 faces. Our
experience of the space around us is that of 3 dimensions. It's hard to imagine what the
fourth dimension would be like, but mathematics gives us thepower to do some exploring
in that higher dimension. The 4-dimensional analog of a cubeis called ahypercubeor
tesseract. How many vertices, edges, faces and cubes does it contain? (Hint, just as you
can represent a cube by drawing a smaller square inside a larger one and connecting the
vertices, you can represent a hypercube by drawing a smallercube inside a larger one and
connecting the corresponding vertices.)

5: Four students attending the same high school are in di�erentgraduating classes, are
involved in di�erent sports, and participate in di�erent school activities. The names of the
students are Claude, Freda, Holly, and Norman. Their classes are freshman, sophomore,
junior and senior, but not necessarily respectively. The sports in which the students are
involved are cross-country, golf, swimming and tennis, butnot necessarily respectively. The
school activities the participate in are debating, dramatics, yearbook, and science fair, but
not necessarily respectively. Using the clues provided below, �nd each students name, class
in school, sport and school activity.

1. The junior student lives a block away from Norman, who doesnot participate in
school yearbook.

2. The student who plays tennis doesn't like to wear her watchto school.

3. The golfer is two classes ahead of the girl who participates in debating.

4. The girl who participates in dramatics lives two blocks away from the freshman.

5. The cross-country runner is in a lower class than the student who is involved in
science fair, but is in a higher class than Freda.

6. The sophomore student is a girl.

7. Claude and the cross-country runner sometimes have lunchtogether.

8. Freda, Holly, and the junior student often ride to school on the same bus.
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Session 4: Use a Diagram - Problem Set

\A diagram is worth a thousand words."

Dr. Carl E. Linderholm

1: Three models - Miss Pink, Miss Green, and Miss Blue - are on thecatwalk. Their
dresses are solid pink, solid green, and solid blue. \It's strange," Miss Blue remarks to the
others. \We are named Pink, Green and Blue, and our dresses are pink, green and blue,
but none of us is wearing the dress that matches her name." \That is a coincidence,"
replied the woman in green. Determine the color of each model's dress.

2: In a survey of children who saw three di�erent shows at Walt Disney World, the
following information was gathered:

� 39 children liked The Little Mermaid

� 43 children liked 101 Dalmatians

� 56 children liked Mickey Mouse

� 7 children liked The Little Mermaid and 101 Dalmatians

� 10 children liked The Little Mermaid and Mickey Mouse

� 16 children liked 101 Dalmatians and Mickey Mouse

� 4 children liked The Little Mermaid, 101 Dalmatians, and Mickey Mouse

� 6 children did not like any of the shows

Answer the following questions:

(a) How many students were surveyed?

(b) How many liked The Little Mermaid only?

(c) How many liked 101 Dalmatians only?

(d) How many liked Mickey Mouse only?

3: Describe a 5-dimensional analog of a cube (i.e. a hyper-hyper cube) by telling how
many vertices, edges, faces, cubes, hypercubes and hyper-hyper cubes it contains.
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4: A tricimal is like a decimal, except the digits represent fractions with powers of 3
instead of 10. For example, 16=27 = 1=3 + 2=9 + 1=27 = 0:121 as a tricimal. How is 77=81
represented as a tricimal? SML

A. 0:950617 B. 0:2012 C. 0:1211 D. 0:1111 E. 0:2212

5: If x = � 1 is one solution ofax2 + bx + c = 0 what is the other solution? SML

A. x = � a=b B. x = � b=a C. x = b=a D. x = � c=a E. x = c=b

6: The equationa3 + b3 + c3 = 2008 has a solution in whicha, b and c are distinct even
positive integers. Finda + b+ c. SML

A. 20 B. 22 C. 24 D. 26 E. 28

7: If the standard order of operations is reversed (that is additions and subtractions are
done �rst and exponentiation is done last), what is the valueof 2� 3 ^ 2 + 3 SML

A. 21 B. 24 C. 39 D. 486 E. 7776

Remember as you have time to work on this semester's game and on any `back-burner'
problems. ,

Our next meeting will be Thursday, October 31, 2013
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Session 5: Competition Problems - Meeting Notes

\Sometimes I �nd mathematical problems di�cult, but my old
obstinacy remains, for if I do not succeed today, I attack them again
on the morrow."

Mary Fairfax Somerville (1780-1872)

OPENER

Begin the session with a 15-minute mini-competition involving the �rst 5 problems of the
handout. This will give them an idea of the pace of the competition, as there they will
have 20 problems in an hour.

COMMENTS

The problems comprising the handout and problem set are intended to represent a variety
of problems from the actual competition. All of them are taken from previous SML
competitions. After the mini-competition - open up time fordiscussion of outstanding
problems, mini-competition problems, additional problems on the handout. Discuss good
test-taking techniques - particularly being able to identify problems that are actually
exercises. Talk about how the scoring works for the competition. Give details about day,
time and location of competition. At our next session we will�nally look at this semester's
game, so once the competition is over, that would be something good to work at if students
haven't �gure it out yet.

ANSWERS, HINTS AND COMMENTS

Mini-Competition

1 E 25; 000 2 E 7 3 B 10 4 C 7 5 D 45

Additional Practice

6 Problem 9 is the `standard problem' on this page, and the oneI am expecting students
to begin with.

7 C 24

8 No answer yet! Well �gure it out together!

9 A
2
5

10 A 5487

Problem Set

Answers are included on the sheet so that students can check their own work. The
competition will take place before we meet again.
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COMPETITION RULES

GENERAL ELIGIBILITY

Colleges eligible to enter a team of �ve or more students, or individual students if fewer
than �ve students wish to compete, must be two-year collegesor colleges that o�er
mathematics programs typical of two-year colleges and thatdo not o�er four-year degrees
in mathematics, science, or engineering. Any student at such a college who has not earned
a two-year college or higher degree or junior standing is eligible to compete (part-time
students are eligible). A committee, including the SML Coordinator, shall be appointed to
approve eligibility.

ELIGIBILITY FOR THE GRAND PRIZE

In addition to meeting general eligibility requirements, astudent must have successfully
completed a minimum of 12 semester hours (or equivalent quarter hours) of community
college (two-year college) coursework by the end of the academic term in which the second
exam is given. Students enrolled in a four-year institutionor in high school at the time of
the competition are NOT eligible for the grand prize, nor areprevious recipients of the
grand prize. O�cial transcripts and a letter signed by the student and local moderator
certifying eligibility will be required in order to award the prize. The scholarship must be
used within two years of its award at the conference; if it is not, two scholarships will be
awarded in the next years competition.

TEST ADMINISTRATION PROCEDURES

The two examinations that constitute the contest are administered locally during a period
in October/November and February/March. Tests last one hour and are administered on
any one day of a testing window designated by the Director. Atthe discretion of the
moderator, students arriving before the end of the hour may be allowed one full hour (thus
the maximum time of the session is two hours). Each test may beadministered only once
at each school. The administration of the Student Mathematics League test shall comply
with the Americans with Disabilities Act. Any accommodation will be in accordance with
the procedures used on the campus where the test is administered.

TEST FORMAT

The level of the tests is precalculus mathematics. Questions are from a standard syllabus
in College Algebra and Trigonometry and may involve precalculus algebra, trigonometry,
synthetic and analytic geometry, and probability; questions that are completely
self-contained may be included as well. All questions are short-answer or multiple choice
(multiple choice questions will have at least 4 response choices). No partial credit is
allowed in scoring. The test will be sent to each participating school to arrive prior to the
test window. Printing errors that are not corrected prior tothe test period will invalidate
that particular question, and all students will be marked correct for that question.
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CALCULATORS

Students are permitted to use any scienti�c or graphics calculator that does not have a
QWERTY (i.e. typewriter) keyboard.

SCORING AND RESULTS

The Director will verify and summarize the overall results at the close of the submission
window and send these results back to the colleges. No results for a previous round will be
accepted once the next round begins. For scoring purposes the top �ve contestants from
each college on each exam comprise that colleges team (thus the team may change its
composition from one exam to the next).

AWARDS

To be eligible for an individual award, a participant must compete on both exams. The
team score consists of the best �ve scores on the exam in each round. The individual
student team members may change from exam to exam. A team may consist of fewer than
�ve students if necessary, and in this case the team's score is the sum of the scores of the
students participating. The grand prize for the quali�ed individual with the highest total
score on the two exams is a $3; 000 scholarship to be used to continue his or her education
at an accredited four-year institution. In the case of a tie for the grand prize, the
scholarship will be evenly divided. The top ten ranking individuals will receive appropriate
prizes of a mathematical nature, as will the �ve highest ranking members of the �rst place
team. The �ve highest ranking teams, as well as the team and individual champions from
each of AMATYC's eight regions, will receive plaques at the following years AMATYC
annual conference. In addition, certi�cates of merit will be awarded to the top �ve
individuals from each participating school. The prizes, plaques, and certi�cates are
sponsored by the AMERICAN MATHEMATICAL ASSOCIATION OF TWO- YEAR
COLLEGES.
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Session 5: Competition Problems - Handout

This is mini-competition for practice. You have 15 minutes to do the 5 problems on this side
of this handout. All of the problems on this handout come fromprevious AMATYC/SML
competitions. When time is up we will discuss �ndings and strategies.

1: In a certain sequence, the �rst two terms are prime, and each term after the second is
the product of the previous two terms. If the seventh term is 12; 500; 000, �nd the eighth
term divided by the seventh term.

A. 1000 B. 2500 C. 5000 D. 10000 E. 25000

2: If each letter in the equation
p

AMAT Y C = MY M represents a di�erent decimal
digit, �nd T 's value.

A. 3 B. 4 C. 5 D. 6 E. 7

3: A date is called aweird if the number of its month and the number of its day have
greatest common factor 1. What are the fewest number ofweird days in a month?

A. 9 B. 10 C. 11 D. 14 E. 15

4: If h(x) = 2 x � 8 �nd h� 1(6)?

A. � 4 B.
1
4

C. 7 D. 11 E. 20

5: The equationa4 + b3 + c2 = 2009 has a solution in positive integersa, b and c in which
a and b are both perfect squares. Finda + b+ c.

A. 20 B. 21 C. 32 D. 45 E. 50

END OF MINI-COMPETITION
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ADDITIONAL PRACTICE

6: Before solving any of the problems below, read each one and determine which one is
the easiest for you. Put the number of that problem in the blank . This is the
problem you should begin with! Remember to use wise test-taking skills on competitions
and on in-class tests!

7: A palindrome is a word or a number (like RADAR or 1221) which reads the same
forwards and backwards. If dates are written in the format MMDDYY, how many dates in
the 21st century are palindromes?

A. 1 B. 12 C. 24 D. 36 E. 144

8: The equationa3 + b2 + c2 = 2013 has a solution in positive integers for whichb is a
multiple of 5. Find a + b+ c for this solution.

A. 55 B. 57 C. 59 D. 61 E. 63

9: What is the slope of a line parallel to the line with the equation 2x � 5y = 10?

A.
2
5

B.
� 2
5

C.
5
2

D.
5
2

E. � 2

10: In the convex pentagonAMT Y C, CY ? Y T, MT ? Y T, Y T = CY = 63,
MT = 79, AM = 39, and AC = 52. Find the area in square units of the pentagon.

A. 5487 B. 5500 C. 5525 D. 5600 E. 5624
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Session 5: Competition Problems - Problem Set

\Sometimes I �nd mathematical problems di�cult, but my old
obstinacy remains, for if I do not succeed today, I attack them again
on the morrow."

Mary Fairfax Somerville (1780-1872)

1: If AM=AT = :Y C where each letter represents a di�erent digit,AM=AT is in simplest
terms, and A 6= 0, then AT =

A. 15 B. 16 C. 25 D. 28 E. 75

2: Let f (x) = x2. Find f (2x) � 2f (x) for x = � 3.

A. � 18 B. � 9 C. 0 D. 9 E. 18

3: What is acrcsc
5
4

+ arcsec
5
4

+ arccot
5
4

+ arccot
4
5

?

A. 2� B. � C.
�
2

D.
�
3

E.
�
4

4: If the nine integers 2 through 10 are arranged at random in a row, �nd the probability
that no two prime numbers are next to each other.

A.
1
14

B.
2
21

C.
5
42

D.
1
7

E.
1
6

COMMENTS

If you are taking part in the competition you may want to focuson old AMATYC/SML
competitions online as well as the problems above - all of which are taken from previous
SML competitions. Answers are on the back.,

Our next meeting will be Thursday, November 14, 2013. At thismeeting we will do a
competition `post mortem' discussion of any competition problems you'd like to cover.
We'll also �nalize our conversation about this semester's game, `Twenty-one Plus.' As a
reminder to you the rules of the game have been typed out on theback of this sheet.
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TWENTY-ONE PLUS

Most or all of us probably remember some letter or number games from childhood.
Perhaps you remember games from long car trips like �nding all the letters of the alphabet
on signs or license plates or games you might hear on the playground like
\eenie-meenie-minie-moe" or \I one it, I two it . . . I jumped over it and you ate it!" One
such counting game has the following rules:

This is a two person game, and the winner is the person who says\21." We
start with the number 1, and each of us can count one or two or three numbers
at a time."

Play this game a number of times over the next few weeks (you might want to keep a
record of which numbers each player says), think about strategy as you play, and then
answer the following questions:

1. Is there a strategy that will allow you to win every time? Ifso, how?

2. Can you win this game in general even if you are counting to anumber other than 21
and/or can count by groups of more or less than three numbers?

*****************************************

Answers to problems 1� 4 on the previous page: 1: B 2: E 3: B 4: C
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Session 6: Twenty-One Plus Game and Competition Reection - Meeting Notes

\Pure mathematics is the world's best game. It is more absorbing than chess, more of a
gamble than poker, and lasts longer than Monopoly. It's free. It can be played anywhere -
Archimedes did it in a bathtub."

Richard J. Trudeau, Dots and Lines 1978

Begin the session with a discussion of the competition and any problems that are nagging
at the students that they'd like to go over. Remember that this is part one of the
competition; part two and awards take place in the spring semester. As part of this
discussion talk about test-taking strategy, ideas students have for approaching the
competition next time and ideas they have for preparing.

After competition discussion has �nished, play `TWENTY-ONE PLUS.' Have a volunteer
play against the leader - the volunteer getting to choose whether to go �rst or second.
Depending on how this goes have students play each other or other students play against
the leader. Have students explain their winning strategy and how they came to their
conclusions. After the game has been solved for the rules as stated, play using a di�erent
goal number and a di�erent amount of numbers that can be counted each turn. See if
students are able to do this on the y, and have a discussion about strategy in general for
this sort of game.

If the game is too easy, and if they've �gured it out fully early on, then expand further on
generalizations of this game (i.e. Nim) and introduce them to Wytho�'s Nim during the
discussion time (see problem set). The `problem set' will also serve as the `handout' this
time. The Chocolate Math that should be worked on between nowand the next session
leads us into the next topic.

COMMENTS AND ANSWERS

Wytho� 's Nim
This is similar to `Twenty-one Plus' but quite a bit more complicated. Here too there are
certain states that are `safe' and will allow you to control the game. See if you can �nd
what they are! Hint: Since there are two piles instead of one string of numbers, use graph
paper to try to �nd safe states (coordinates from which your opponent cannot win the
game); do this by starting at (0; 0) and crossing out all coordinates that would take you to
(0; 0) in one move. Find the closest safe state and repeat the process. Answer: Safe states
for a two-pile nim game are (1; 2), (3; 5), (4; 7), (6; 10), (8; 13) - or the reverse of each of
these, as the result is symmetrical. The graph of solutions should look something like the
image below. (This is a classic problem that is very di�cult -may become a back-burner
problem.)
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The Josephus Problem
This is a real `get your hands dirty problem.' Try it with small numbers to begin with to
get a feel for how it works, and see if you can �nd a general formula. (This is a classic
problem that is very di�cult - may become a back-burner problem.)

Chocolate Math
Here, just follow the directions using a variable instead ofa speci�c number, and watch
what goes on with the algebra. The end result is that you end upsubtracting your birth
year from the current year, thus getting your age, and you endup multiplying the number
of times a week you want to each chocolate by 100, thus puttingthat number in front of
your 2-digit age.

Use the most recent competition as the Problem Set.
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Session 6: Twenty-One Plus Game and Competition Reection - Handout

\Pure mathematics is the world's best game. It is more absorbing than chess, more of a
gamble than poker, and lasts longer than Monopoly. It's free. It can be played anywhere -
Archimedes did it in a bathtub."

Richard J. Trudeau, Dots and Lines 1978

**************************************

Wytho� 's Nim

The `Twenty-one Plus' game I've had you exploring this semester is actually one of many
versions of `Nim.' It is an ancient game said to have originated in China under the name
tsyan-shidzi, meaning `choosing stones.' The following is a version created in the early
twentieth century by Dutch mathematician W. A. Wytho�. As wi th `Twenty-one Plus,'
your task is to discover a winning strategy �rst for a speci�cset-up and then for a
generalized version.

Speci�c Set-up: Make two piles of pennies, one pile of 10 coins and one pile of7 coins. On
your turn you may take as many coins as you want from one pile, or you may take coins
from both piles, but if you take coins from both piles you musttake the same amount from
each one. You must take at least one coin on your turn. The player who takes the last
penny wins.

Generalization: Make two piles of pennies, each pile containing an arbitrary number of
pennies. The rules then follow as above.

**************************************

The Josephus Problem

Josephus Flavius was a famous Jewish historian of the �rst century. During the
Jewish-Roman war he was trapped in a cave with a group of soldiers surrounded by
Romans. Legend has it that preferring suicide to capture, the Jews decided to form a circle
and, proceeding around it, to kill every third remaining person until no one was left.
Josephus, not wanting to die, quickly found the safe spot in the circle and thus stayed
alive. Hence, the following problem is named after him:

Given a group ofn men arranged in a circle under the edict that everymth man will be
executed going around the circle until only one remains, �ndthe position L(n; m) in which
you should stand in order to be the last survivor.
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As a math teacher, I often get forwards like the following email, and I thought I'd share this
one here. One of your tasks is to determine how it works. Notice it says it only works for
2013: Your second task is to change it in such a way that it will work for 2014.

Fwd: Chocolate Mathematics

Just got this and its too cute not to share. :-)

Subject: CHOCOLATE MATHEMATICS?

This is really cool..................and it really works!!!
ENJOY!

Pretty Cool, just give it a try!
You can check your math skills with the below quiz.

CHOCOLATE MATHEMATICS

This is pretty neat how it works out.

DON'T CHEAT BY SCROLLING DOWN FIRST
It takes less than a minute.......

Work this out as you read. Be sure you don't read the bottom until you've worked it out!
This is not one of those waste of time things, it's fun.

1. First of all, pick the number of times a week that you would like to have chocolate. (try
for more than once but less than 10)

2. Multiply this number by 2 (Just to be bold)

3. Add 5. (for Sunday)

4. Multiply it by 50 - I'll wait while you get the calculator.. ..............

5. If you have already had your birthday this year add 1763.... If you haven't, add
1762..........

6. Now subtract the four digit year that you were born.

You should have a three digit number

.
The �rst digit of this was your original number (i.e., how many times you want to have
chocolate each week).

The next two numbers are ..........

YOUR AGE! (Oh YES, it IS!!!!!)

THIS IS THE ONLY YEAR (2013) IT WILL EVER WORK, SO SPREAD IT ARO UND
WHILE IT LASTS. IMPRESSIVE, ISN'T IT?

*************************************************** ********************************

Remember as you have time to work on any `back-burner' problems. ,
Our next meeting will be Thursday, December 5, 2013

40



Session 7: Puzzles and Pseudoproofs - Meeting Notes

\Many who have had an opportunity of knowing any more about
mathematics confuse it with arithmetic, and consider it an arid
science. In reality, however, it is a science which requiresa great
amount of imagination."

So�a Kovalevskaya aka Sonya Kovalevsky (1850-1891)

COMMENTS

Two sorts of items are included in this session - false proofsand mathematical magic tricks.
This is the last meeting of the semester, so no problem set is included, and the topic is very
light yet enlightening. My reason for including false proofs is that recently at a `Cram
Night' I was doing one of these false proofs for a student, anda former tutor came up and
asked me what class you learn this sort of thing in. He was quite surprised when I told him
you don't learn this sort of thing in class. He asked me where Ilearned it, if not in class;
honestly, I can't remember - most likely from a journal, at a conference or from a colleague.
So here, �nally, is a place where students can get their handson such things!

Actually, there is a long history of false proofs. Euclid reportedly wrote a book, now lost,
titled `Pseudaria' (i.e. paradoxes) that contained such things. It's purposewas
educational, to warn students about falling into logical traps. Many modern false proofs
involve division by zero. Students are told they cannot divide by zero, but often they are
not told why. These false proofs serve as memorable examplesas to why division by zero is
not admissible.

We will also look at mathematical magic tricks, problems in which mind-reading seems to
occur, or in which a certain outcome always results no matterwhat number is started with,
or in which the result is the participant's telephone number, birthday or age. Even people
who claim not to like math often love these tricks. Here we will explore how they work and
how to create them.

Most tricks involve a hidden twist that can be uncovered by simply writing out the steps
algebraically. Others make us of the properties of the number 9: Most pseudoproofs involve
a hidden division by zero or a principle square root issue - often quite subtle and
well-hidden. The handout contains more than we will cover during the session, but that
will allow us to pick and choose what suits our fancy during the session and will also give
the students a collection of others to take home and explore if desired.

NOTE that the third false proof involves calculus, which is technically beyond the scope of
our seminar, but it is quite clever and provides variety; also many students will have taken
calculus, so it is included for their consideration.
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Session 7: Puzzles and Pseudoproofs - Handout

\Many who have had an opportunity of knowing any more about
mathematics confuse it with arithmetic, and consider it an arid
science. In reality, however, it is a science which requiresa great
amount of imagination."

So�a Kovalevskaya aka Sonya Kovalevsky (1850-1891)

PSEUDOPROOFS - as the quote above says, math requires a great amount of
imagination. Imagination was certainly used (deviously) in creating the following false
proofs. Can you �nd the point at which there is an error that leads to each false conclusion?

1: PROVE THAT 1 = 2:

Let a = b, a 6= 0, b6= 0
a = b
ab= b2

ab� a2 = b2 � a2

a(b� a) = ( b+ a)(b� a)
a = b+ a
a = a + a
a = 2a
Therefore, 1 = 2

2: PROVE THAT THERE ARE NO PRIME NUMBERS GREATER THAN 23:

Supposen is a prime greater than 23:
Since 2 is the only even prime, andn > 23, n is odd.

Let x =
n + 1

2
and let y =

n � 1
2

n = x2 � y2 = ( x � y)(x + y)

Therefore,n can be factored and is not prime!
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3: PROVE THAT 2 = 1: (This `proof' involves calculus.)

For x > 0, x 2 Z

x = 1 + 1 + 1 + � � � + 1| {z }
x times

x2 = x + x + x + � � � + x| {z }
x times

D (x2) = D(x) + D(x) + D(x) + � � � + D(x)
| {z }

x times

D (x2) = D

 

x + x + x + � � � + x| {z }
x times

!

2x = 1 + 1 + 1 + � � � + 1| {z }
x times

2x = x

Therefore, 2 = 1

4: PROVE THAT 1 = 2:

Let x = 2

x(x � 1) = 2( x � 1)

x2 � x = 2x � 2

x2 � 2x = x � 2

x(x � 2) = x � 2

x = 1

Therefore, sincex = 1 and also x = 2, 1 = 2
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5: PROVE THAT � 1 = 1

� 1 = � 1

� 1
1

=
� 1
1

� 1
1

=
1

� 1
r

� 1
1

=

r
1

� 1

i
1

=
1
i

i =
1
i

i 2 = 1

� 1 = 1

6: PROVE THAT 0 = 2

cos2 x = 1 � sin2 x

cosx = (1 � sin2 x)
1
2

1 + cosx = 1 + (1 � sin2 x)
1
2

Evaluating the above whenx = � implies:

1 � 1 = 1 + (1 � 0)
1
2

or

0 = 2
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7: PROVE THAT 0 =
1
2

= 1

Let S = 1 � 1 + 1 � 1 + 1 � 1 + 1 � 1 + � � �

Then S = (1 � 1) + (1 � 1) + (1 � 1) + � � � = 0

But S is also 1� (1 � 1) � (1 � 1) � (1 � 1) � � � � = 1 � 0 � 0 � 0 � � � � = 1

Also, S = 1 � (1 � 1 + 1 � 1 + 1 � 1 + � � � ) = 1 � S, so S = 1 � S and 2S = 1, so S =
1
2

So,S = 0 and S = 1 and S =
1
2

Therefore, by the transitive property of equality, 0 =
1
2

= 1
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MATHEMATICAL MAGIC TRICKS/PUZZLES - again we see creativity employed
- using properties of mathematics to create amusing tricks.These seem very magical and
mysterious to most people; can you �gure out how they work?

Some of these are best encountered online rather than on paper because they have an
interactive feature to them, so here are some links (currentas of fall 2013) the display some
dazzling mathematical magic:

1: Mind Reading Trick A : http://www.digicc.com/�do/

2: Mind Reading Trick B: http://britton.disted.camosun.bc.ca/psychic.swf

3: Mind Reading Trick C: http://www.regiftable.com/regiftingrobinpopup.html

You also may want to check out a short (15 minute) performanceby Mathemagician
Arthur Benjamin. Enjoy and then try to �gure out how he does what he does.

4: Mathemagic: http://www.ted.com/talks/arthur benjamin doesmathemagic.html

5: Telephone Number Trick

1) Put into a calculator the �rst 3 digits of your phone number (not area code).

2) Multiply by 80 (and hit =)

3) Add 1 (and hit =)

4) Multiply by 250 (and hit =)

5) Add the last 4 digits of your phone number (and hit =)

6) Repeat step 5

7) Subtract 250 (and hit =)

8) Divide by 2 (and hit =)

What is the result?
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6: Classic Number Trick

1) Have a friend choose a secret 3-digit # (that isn't the sameforwards and backwards).

2) You, without looking at their number and without letting t hem see what you put
down, write 1089 on another piece of paper.

3) Have your friend reverse his or her number.

4) Have your friend �nd the positive di�erence between the original # and its reverse.

5) Have your friend add the result to the reverse of itself.

6) Reveal your mind reading abilities by showing them the 1089 you wrote down, which
is also the answer they got

Why does this work?

7: Age Trick

1) Ask someone whose age you don't know, but who is 10 or older,to write down their
age without letting you see what he writes. If you know that person's age, have them write
down the age of a family member instead.

2) Have that person add your `lucky number' 90 to their age.

3) Then have the person move the digit on the left of the sum to below the digit in the
one's place and add the two new numbers.

4) Have the person verify that this result is not their age, nor a number related to their
age.

5) Have the person tell you the number. Add 9 to it in your head,and announce their
age!

For example:

If the person is 24 years old their original sum will be:

2 4
+ 9 0

1 1 4

Step 3 will look like:

2 4
+ 9 0

1 4
+ 1

1 5

You then compute 15 + 9 = 24, which is their age!

Why does this work?
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8: Easy as 1-2-3

Start with a number and count the numberE of even and the numberO of odd digits.
Write them down next to each other following by their sumE + O. Treat the result as a
new number and continue the process. In this example, iterations converge very rapidly.
Moreover, in just a few steps they reach the number 123 which has exactly 3 digits of
which 1 is even and two are odd. Therefore, applying the computations to 123 produces
the number 123 itself, such that further iterations become really mindless. Of course we
can always start with another number.

Why does this work?

Remember as you have time to work on any `back-burner' problems. ,

Our next meeting will be Thursday, January 23, 2014

HAVE A MERRY CHRISTMAS!!
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Session 8: Use an Organized List - Meeting Notes

\Mathematics is a game played according to certain simple rules
with meaningless marks on paper."

David Hilbert (1862-1943)

This lesson is intended to be the introductory lesson for a new semester, a session in which
an overview is given to the seminar as well and where the new game for the new semester is
introduced. This is why this topic - which is not well-represented by a plethora of clever
problems was chosen for this meeting.

THE quintessential and VERY clever problem that best illustrates this strategy is the
`Census Taker Problem.' It is a problem that seems impossible at �rst - as if there is not
enough information, but all it takes is a willingness to listall possibilities and then to
consider them according to the clues. If it is known that somepeople in the group have
already seen this problem, they should be given the Problem Set to work on instead so that
they don't give anything away, even inadvertently - such is the nature and power of this
problem. (Answer: 2, 2, 9)

As time allows - given that we have already taken time to introduce the seminar itself - go
over the other problems on the handout, the triangle problem(answer 23), the digit sum
problem, and the Christmas Gift Problem. SAVE ENOUGH TIME to introduce this
semester's game, `Dots and Boxes.' Depending on the make-upof the group, it might be a
good idea to discuss the importance of play in mathematics - ideas for this would be to
mention Hardy's view of mathematics and the role now of number theory - and the history
of knot theory: application, lack of application, application.

Play begins with a rectangular grid of dots. Players take turns to draw a line joining two
dots that are adjacent either horizontally or vertically (but not diagonally). If a player
completes the fourth side of a box - a square of unit side - thenthat player writes his or
her initial in that box and plays again (and must continue to play again as long as they
keep forming completed boxes). When all possible connections have been made, the game
ends, and the player who has initialed the most boxes wins. (There is a handout with
directions and with grids for play.)
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Session 8: Use an Organized List - Handout

\Mathematics is a game played according to certain simple rules
with meaningless marks on paper."

David Hilbert (1862-1943)

1: A census-taker knocks on a door, and asks the woman inside howmany children she
has and how old they are. \I have three daughters; their ages are whole numbers, and the
product of their ages is 36," says the mother. \Thats not enough information," responds
the census-taker. \The sum of their ages is equal to the address on the house next door."
The census taker looks next door and sees the address. He still can't �gure out their ages.
The mother then says, \Sorry, I need to go. I'm working on a project with my oldest
child," and she closes the door. The census taker then realizes what the ages are. What are
the ages of the three daughters?

2: How many triangles are in the �gure below?
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3: If you add the digits in a number, how many numbers between 0 and 1000 have a
digit-sum of ten? For example, one of the numbers is 334 because 3 + 3 + 4 = 10

4: On the �rst day of Christmas my true love gave to me a partridgein a pear tree.
Unfortunately my lease precludes owning a pet, so I decided I'd better take it back the
following day (12=27). No sooner had I returned it to the Partridge Mart than I found my
true love had sent two turtle doves and a partridge (yes, another) in a pear tree. My plan
was to return these three gifts, one each day, for the next three days, beginning with the
following day. If my true love continued giving me the appropriate gifts for each of the 12
days of Christmas, and I continued returning one gift each day, on which day would I
�nally return the last item? What item(s) did I receive most of?

(Our next meeting will be Thursday, February 6, 2014.)
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DOTS AND BOXES

RULES AND INFORMATION : Dots and Boxes (also known as Boxes, Squares,
Paddocks, Pigs in a Pen, Square-it, Dots and Dashes, Dots, Smart Dots, Dot Boxing, or,
simply, the Dot Game) is a pencil and paper game for two players (or sometimes, more
than two) �rst published in 1889 by Edouard Lucas.

Starting with an empty grid of dots, players take turns, adding a single horizontal or
vertical line between two unjoined adjacent dots. A player who completes the fourth side of
a 1� 1 box earns one point and takes another turn. (The points are typically recorded by
placing in the box an identifying mark of the player, such as an initial). The game ends
when no more lines can be placed. The winner of the game is the player with the most
points.

The board may be of any size. When short on time, 2 boxes (created by a square of 9 dots)
is good for beginners, and 5� 5 is good for experts.

The diagram below shows a game being played on the 2� 2 board. The second player (B)
plays the mirror image of the �rst player's move, hoping to divide the board into two pieces
and tie the game. The �rst player (A) makes a sacri�ce at move 7; B accepts the sacri�ce,
getting one box. However, B must now add another line, and connects the center dot to
the center-right dot, causing the remaining boxes to be joined together in a chain as shown
at the end of move 8. With A's next move, A gets them all, winning 31.

(Text and image copied from Wikipedia)
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DOTS AND BOXES

Here are some grids of various sizes for you to play \Dots and Boxes" on. Can you �nd
strategies for good play? Do strategies change for grids with even vs. odd dimensions?

2 � 2

3 � 3

4 � 4

5 � 5
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Session 8: Use an Organized List - Problem Set

\Mathematics is a game played according to certain simple rules
with meaningless marks on paper."

David Hilbert (1862-1943)

1: One of the many math problems oating around on facebook during summer 2013 was
the following. How many triangles are there in the �gure?

2: If you're up for a challenge, here's a more complicated one. How many triangles are
there in the �gure?

3: A three-digit number is divisible by 8. Its digit sum is 12. What is the number? (Is
there more than one answer?)
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4: At our meeting you were introduced to the \Dots and Boxes" game. We explored the
game a bit using square-shaped playing boards, and the question was asked whether the
dimensions of the board (odd-by-odd or even-by-even) made adi�erence in the strategy.
What if the board is not square? What if it is even-by-odd? Does this e�ectively change
strategy in any way. Try playing with the boards below and seehow you do.

2 � 3

3 � 4

Make your own grid:
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Session 9: Pigeon Hole Principle and Ramsey Theory - Meeting Notes

\Suppose aliens invade the earth and threaten to obliterateit in a
year's time unless human beings can �nd the Ramsey number for
red �ve and blue �ve. We could marshal the world's best minds
and fastest computers, and within a year we could probably
calculate the value. If the aliens demanded the Ramsey number
for red six and blue six, however, we would have no choice but to
launch a preemptive attack."

image: Frank P. Ramsey (1903-1926)
quote: Paul Erd•os (1913-1996)

This session focuses on the Pigeon Hole Principle, but it also includes an excursion into
Ramsey Theory.

Begin by having the students do problems 1 through 5 on the �rst page of the handout -
�nding convex polygons in a collection of 17 dots ingeneral position(i.e. no three dots on
a straight line). Note to instructor: with 17 dots we are guaranteed a convex hexagon, but
we are notguaranteedconvex heptagons or octagons.

After talking about this, move on to problem 6 and let students ponder it a bit. (An
answer is below, but save for next time if they haven't discovered a solution). Discuss the
\Happy Ending Problem" - a collaboration between Paul Erd•os, Esther Klein and George
Szekeres (\sekeresh") to prove that there exists a number ofdots K (n) for any desired
number of verticesn such that a convex polygon with that many vertices must existin the
collection of dots. It is know that K (3) = 3, K (4) = 5, K (5) = 9, and K (6) = 17. It is also
known that the value K (n) for all n is �nite, but K (n) for n > 6 is not known. Erdo•os
termed this the \Happy Ending Problem" because after their collaboration Esther and
George got married.

57



Talk through problem 7 together. Maybe introduce \Pigeon Hole Principle" here using the
question about how many students need to enter a classroom before we are assured that we
have either at least 2 males or at least 2 females. Standard PHP normally involves the
phrase \at least 2," so our problem here was a bit di�erent that that but of the same
avor. Move on to problem 8 and let them work at this a bit. This is classic PHP.

Work through 9 and 10 together. Number 9, the six-people-at-a-party problem, is moving
us towards `Graph Ramsey Theory.' Use the coloring approachwith graph theory - wlog
throughout - beginning with the top vertex, we are guaranteed to have at least 3 edges of 1
color - wlog, let it be red. If the edge at any of the culminating vertices is red, we have a
triangle (mutuality), but if all are blue, then we also have atriangle.

For number 10, let the students think about this a bit too before jumping in as an
instructor. Use a diagram as below. Here our pigeon holes arecolors, and the pigeons are
the points. There are more pigeons than holes (i.e. points than colors), so at least 2 must
be the same, and each are at a set distance d.

Spend some time on the `extended handout' talking about Bible Codes and Ramsey
Theory - really emphasizing the phrase,\Given a large enough structure you are
guaranteed to �nd a smaller substructure."

As to the quote, \The classic Ramsey problem can be phrased interms of guests at a
party. What is the minimum number of guests that need to be invited so that either at
least three guests will all know each other or at leat three will be mutual strangers?" [The
answer in this case is 6, and this is the ip-side of problem 9 for us.] \Suppose we want not
a threesome but a foursome who either all know each other or are all mutual strangers.
how large must the party be? Erd•os and Graham and their fellow Ramsey theorists have
proved that 18 guests are necessary and enough. But raise theante again, to a�vesome,
and no one knows how many guests are required. Teh answer is known to lie between 43
and 49. That much has been known for two decades, and Graham suspects that the precise
number won't be found for at least a hundred years. The case ofa sizsome is even more
daunting, with the answer known to lie between 102 and 165. The range grows wider still
for higher numbers." [from pp. 52-53 ofThe Man Who Loved Only Numbers: The Story of
Paul Erd•os and the Search for Mathematical Truthby Paul Ho�man]

Do encourage them to focus on the Problem Set more than usual for next time, as we will
pick up on these problems. Don't give hints - the idea is that they will �gure out that they
will need to `state and solve a simpler problem,' which is ourtopic for next time. Problem
1 is much simpler if you consider 5 numbers (or 3 numbers) instead of 19, though it also
employs PHP. Problem 2 also involves PHP, but it's tricky to �gure out what the `holes'
and what the 'pigeons' are. The holes are the distances, of which there are 9 possible, and
the pigeons are the meals, of which there are 10. For number 3,draw a square and connect
the midpoints of the sides (vertically and horizontally only); then draw the two diagonals.
Notice that the distance across the diagonal is

p
2. By placing the points in the 4 smaller

squares we can keep a distance more than
p

2
2 , but once we place a 5th point in the square it

must be closer than
p

2
2 from another point. Problem 4 is very much related to Pascal's
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Triangle. The number of routes depending on how many ways youcan `get into' the
intersections that lead into the point you are concerned about. The open space in the
middle causes a bit of a problem. Here too by making the problem simpler (i.e. looking at
a point closer to A) it is easier to see how this works.

Upon reection I believe more needs to be said about problem 1of the problem set for this
section. It seems similar to other problems of this nature, such as problem 8 of the
handout, but it is actually much more subtle and complicated. It can be approached by
looking at smaller numbers, but really there is a deeper number theory issue going on here.
When working with a larger number such as 19 it's easy to lose sight of the combinations
of numbers that could sum to 19.

Let the 19 numbers bea; b; c; d; : : : ; s. Consider 19 speci�c sums, as follows:

a; a+ b; a+ b+ c; a+ b+ c + d; : : : a+ b+ c + � � � + s

Note that when numbers are divided by 19 the only possible remainders are 0; 1; 2; : : : 18, a
total of 19 possibilities. Consider two cases, either a number, saya has a remainder of 0 (in
which case we are done), or there is not a number with a remainder of zero when divided
by 19. In this case there are only 18 possible remainders leftfor our list of sums, but there
are 19 di�erent sums under consideration, so, by the `PigeonHole Principle, two of them
must have the same remainder. Let's say that these two sums are

a + b+ c + d

and

a + c + d + e+ f + g + h

Since these have the same remainder when divided by 19 their di�erence must be a
multiple of 19. For instance, the �rst number will be of the form 19n + r and the second
number will be of the form 19m + r . If we subtract we get:

[19m + r ] � [19n + r ] = 19m � 19n = 19(m � n)

which is a multiple of 19. The di�erence between our two numbers shown above is:

(a + b+ c + d + e+ f + g + h) � (a + b+ c + d) = e+ f + g + h

So, the sume+ f + g + h, which is some sum of some set of 19 numbers is divisible by 19.
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Session 9: Pigeon Hole Principle and Ramsey Theory - Handout

\Suppose aliens invade the earth and threaten to obliterateit in a
year's time unless human beings can �nd the Ramsey number for
red �ve and blue �ve. We could marshal the world's best minds
and fastest computers, and within a year we could probably
calculate the value. If the aliens demanded the Ramsey number
for red six and blue six, however, we would have no choice but to
launch a preemptive attack."

image: Frank P. Ramsey (1903-1926)
quote: Paul Erd•os (1913-1996)

The following dots are ingeneral position(i.e. no three lie on a straight line).

1) If it exists, �nd a convex quadrilateral in this cluster of dots.

2) If it exists, �nd a convex pentagon in this cluster of dots.

3) If it exists, �nd a convex hexagon in this cluster of dots.

4) If it exists, �nd a convex heptagon in this cluster of dots.

5) If it exists, �nd a convex octagon in this cluster of dots.
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6) Draw 8 points in general positionin such a way that the points do not contain a
convex pentagon.

7) In my family there are 2 adults and 3 children. When our family arrives home how
many of us must enter the house in order to ensure there is at least one adult in the house?

8) Show that among any collection of 7 natural numbers there must be two whose sum
or di�erence is divisible by 10.

9) Suppose a party has six people. Consider any two of them. They might be meeting for
the �rst time - in which case we will call them mutual strangers; or they might have met
before - in which case we will call them mutual acquaintances. Show that either at least
three of them are mutual strangers or at least three of them are mutual acquaintances.

10) Points in the plane are each colored with one of two colors: red or blue. Prove that,
for a given distance d, there always exist two points of the same color at the distance d
from each other.
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Session 9: Pigeon Hole Principle and Ramsey Theory - Extende d Handout

In the `opener' for our seminar today you were asked to �nd vertices of convex polygons
within a group of dots in `general position.' This problem comes from Ramsey Theory
(which is related to the Pigeon Hole Principle). Frank P. Ramsey was a mathematician,
philosopher and economist in the early twentieth century who made signi�cant
contributions to all three �elds before his untimely death at age 26. Ramsey Theory, which
has become an entire branch of mathematics in its own right comes from a small lemma
that he proved as a bit of an aside in a paper on philosophy.

Figure 1: Image fromBible Code II: The Countdownby Michael Drosnin

The basic idea of Ramsey Theory is that if you aregiven a large enough structure you
are guaranteed to �nd a smaller substructure . That's the idea in the dots problem
at the beginning of our work: given enough dots, can you �nd a certain polygon, and how
many dots must there be in order to ensure that such a polygon can be found? This is
called the `Happy Ending Problem,'1

People can often be overly impressed or inordinately enthusiastic when patterns, especially
patterns that seem meaningful to them, arise from seeming chaos. An interesting example
of this is the \Bible Codes" written about by reporter and author Michael Drosnin. Figure
1 shows a passage in Hebrew scriptures in which a search has been done by examining
letters appearing at a certain �xed interval from each other- for instance every �fth letter
or every sixtieth letter. In this �gure we see Hebrew lettersthat give us the words/phrases
`twin,' `towers,' `it knocked down,' `twice,' and `airplane.' This seems to be a prediction of

1It was called the `Happy Ending Problem' by Paul Erd•os who worked on it with mathematicians Esther
Klein and George Szekeres. The collaboration resulted not only in a proof that there does exist a number
K (n) for any n, where n is the number of vertices in the polygon you are looking for, but it also in George
and Esther's marriage.
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the 9/11 terrorist attack. This is striking, given that the Torah is thought to have been
revealed to Moses over 3000 years ago!

And this is not the only such `prophecy' contained in Hebrew scripture. Assassinations of
famous people, such as prime ministers, have been found in this way, as have events such as
the start of the Gulf War and the use of the atomic bomb. It has been claimed by Michael
Drosnin that because of the special nature of the scripture that no other book contains
such predictive power. Of course many people are critical ofhis �ndings. When he was
interviewed by Newsweek Magazine, Drosnin said, \When my critics �nd a message about
the assassination of a prime minister encrypted inMoby Dick, I'll believe them."

Well, guess what? A group of mathematicians and computer scientists took him up on his
challenge and used this same technique onMoby Dick, and in Figure 2 you see one of their
�ndings, which is a purported prediction of the death of Princess Diana - including not
only her name and Dodi's name (both twice!), but also \mortalin the jaws of death,"
\road," \skid," and even the name of the driver Henri Paul!

Figure 2: Image by Brendan McKay of Australian National Univerisity

Also in Moby Dick were found `predictions' of the assassinations of Indira Ghandi,
Lebanese President Rene Moawad, Leon Trotsky, Rev. Martin Luther King Jr., Yitzhak
Rabin, John F. Kennedy, and Abraham Lincoln! Similar results would be the case if we
searched any tome, such asWar and Peaceor Gone with the Wind.

I write this up for you not, of course, intending to downplay the sacredness of scripture, but
rather to underscore the fact that Ramsey Theory is what is operative here - that given a
large enough structure you are guaranteed to �nd a smaller substructure .
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Speaking of the assassination of Presidents Lincoln and Kennedy, there are some rather
startling `coincidences' there.

� Both were elected president in '60 (i.e. 1860 and 1960).

� Both were elected to the House of Representatives in '46.

� Both were succeeded by their VPs who both had the last name Johnson and who
both were born in '08.

� Lincoln was shot in Ford's theater, and Kennedy was shot in a Lincoln automobile
made by Ford.

� Lincoln had a secretary named Kennedy, and Kennedy had a secretary named
Lincoln.

� Both were assassinated by Southerners and both were succeeded by Southerners.

� Both assassins were born in '39.

� Both assassins were known by their three names (John Wilkes Booth and Lee Harvey
Oswald).

� Neither assassin stood trial - each being killed before a trial could be held.

� Both presidents were shot on a Friday; both were shot in the head.

� Booth ran from a theater and was caught in a warehouse; Oswaldran from a
warehouse and was caught in a theater.

� A week before Lincoln was shot he was visited Monroe, Maryland, and a week before
Kennedy was shot...um...

In their book Coincidences, Chaos, and all that Math Jazzauthors Edward Burger and
Michael Starbird ask whether we should expect such coincidences by random chance or if
the existence of such parallels is an eerie, supernatural message from the great beyond.
They go on to state that given such a high pro�le event as the assassination of a popular
president, such scrutiny is given to the even and to their lives that hundreds of thousands
or perhaps millions of facts are known. This means there is a seemingly endless collection
of data that we can consider. \How many people are associate with Lincoln and Kennedy?
How many dates are associated with their lives? How likely isit that there would be no
coincidences of dates and names among this blizzard of possibilities? The likelihood that
there would be no coincidences is essentially zero."

Since they lived about 100 years apart, the chances are even greater that the last 2 digits of
dates relating to their lives will match up. What about the dates that don't match?
Lincoln was born in '09, and Kennedy was born in '17. Kennedy's wife was born in '29,
and Lincoln's wife was born in '18. Kennedy was married in '53, and Lincoln was married
in '42. Lincoln died in '65 and Kennedy died in '63. In fact MOST of the Lincoln-Kennedy
dates do NOT coincide. \One of the keys to putting coincidences into perspective is to
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realize that we haven't decided what type of coincidence we are seeking before we happen
to witness it." Additionally, how many thousands of people are associated with someone so
prominent as a president?

\The coincidences about Lincoln and Kennedy are notable andknown because Lincoln and
Kennedy are famous. However, if we took any two ordinary Joesor Janes and delved as
deeply into their lives as historians and journalists have delved into the lives of Lincoln and
Kennedy, we would �nd amazing coincidences there too. Coincidences do not arise because
people are prominent. They arise when we ask so many questions that the vast numbers of
opportunities make the chance for coincidences overwhelming."2

Coincidences are tremendously fun and attention-grabbing, but it bears repeating: given a
large enough structure you are guaranteed to �nd a smaller substructure .

2All quotes, and most information for the Kennedy/Lincoln po rtion of this document, are taken from
Coincidences, Chaos, and all that Math Jazzby Edward B. Burger and Michael Starbird.
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Session 9: Pigeon Hole Principle and Ramsey Theory - Problem Set

\Suppose aliens invade the earth and threaten to obliterateit in a
year's time unless human beings can �nd the Ramsey number for
red �ve and blue �ve. We could marshal the world's best minds
and fastest computers, and within a year we could probably
calculate the value. If the aliens demanded the Ramsey number
for red six and blue six, however, we would have no choice but to
launch a preemptive attack."

image: Frank P. Ramsey (1903-1926)
quote: Paul Erd•os (1913-1996)

1: Show that if you have 19 positive integers, then either one ofthem is a multiple of 19
or a sum of several of them is a multiple of 19.

2: Ten people are sitting around a circular table at a restaurant. When their food is
served, they notice that no one was handed the correct dish. Show that it is possible, by
simply rotating the table, to ensure that at least 2 people have the correct dish.
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3: Show that if �ve points are chosen in or on the boundary of a unit square that at least

two of them must be no more than

p
2

2
units apart.

4: If one must always move upward or to the right on the grid below, how many paths
are there fromA to B .

A

B
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Session 10: State and Solve a Simpler Problem - Meeting Notes

\If people do not believe that mathematics is simple, it is only
because they do not realize how complicated life is."

John von Neumann (1903-1957)

HOUSEKEEPING DETAILS : Depending on the semester, our next meeting might be the
competition (unless it gets scheduled for a Saturday or someother time), in which case the
students should be given a reminder about that. Informationon the website should be
pointed out, such as rules, prizes, past competitions and answers for use in practice, etc.
The meeting after the competition will be a reection session on the competition and on
our game for the semester, so remind them of that as well so that they are thinking ahead
and working on the game strategy.

PRESENTATION : This lesson relies heavily on the previous problem (PigeonHole
Principle) set as a lead-in. Approach problems in the following order:

- PS9 #2 The `wrong dinner' problem - this problem requires use of the PHP, but it is
tricky to determine what constitutes the pigeons and what constitutes the holes. Once this
is determined, the problem falls into place. (Hint: The holes are the distances between
each person and his or her meal, of which there are only 9.)

- PS9 #3 The `5 points in a unit square problem' - this is a problem also requiring PHP,
but it is geometrical, so it gives us some variety.

- PS9 #1 The `19 integers' problem - this is also PHP, but it leads us really well into a
discussion of the strategy `State and Solve a Simpler Problem.' Instead of 19 integers, try
3, and see what happens, and then extrapolate to 19. (Be awarethat this problem is
actually far more complicated than this implies. See meeting notes for session 11 before
going over this problem.)

At this point distribute the handout for this session and do problem 1 together. The idea is
to back things up, make it simpler, see a pattern (Pascal's Triangle), and notice what is at
the heart of the problem (how can you get into any given `intersection?'). After completing
this problem, go back to PS9 #4, which is a variation on it.

Now give participants time to work on problems 2, 3, 4 and 5 of handout 10. After they've
had su�cient time, discuss these and discuss also A and B at the end of that worksheet,
which is a suggestion to the tutors attending of how to share this strategy e�ectively with
students they are working with.

IF the competition will take the place of our next meeting, then distribute Handout 11 and
Problem Set 11 (with answers) so that participants will be able to prepare for the
competition. IF we will be meeting instead and holding the competition on another day,
THEN hold onto the documents for session 11 until that time.
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Session 10: State and Solve a Simpler Problem - Handout

\If people do not believe that mathematics is simple, it is only
because they do not realize how complicated life is."

John von Neumann (1903-1957)

1: If one must always move upward or to the right on the grid below, how many paths
are there fromA to B .

A

B

2: What is the sum of the positive divisors of 2048?

3: How many positive divisors does the number 11� 132 � 175 have? SML

4: The �gure below is a 1� 12 rectangle. How many distinct rectangles of any size are in
this rectangle? How many distinct rectangles of any size arein a 1 � n rectangle?
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5: Natural number partitions of a given number are the sets of sums of natural numbers
that add up to that number. For instance, some of the natural number partitions of 10 are
1 + 4 + 5 and 1 + 1 + 1 + 2 + 2 + 3 and 3 + 7. Consider the natural number partitions of
500. For which partition is the product of all the terms the greatest?

SOMETHING TO THINK ABOUT: The strategy of stating and solving a simpler
problem is a very powerful one across all levels of mathmematics. It often gives us insight
into the larger problem that allows us to solve it. Think about how a teacher could use this
strategy for helping students in arithmetic or pre-algebrato better understand how to work
the following problems. First think about what it is that's going to be challenging to the
students, and then consider how making the problem simpler will yeild insight.

A) A plastic container holds 1
3
4

gallons. How many gallons does it contain when it is
3
4

full of a cleaning chemical?

B) The weight of a cubic foot of sandstone rock is approximately 2
13
20

the weight of a

cubic foot of water. If a cubic foot of water weighs approximately 62
1
2

pounds, and a

sandstone rock contains 5800 cubic feet, what is the approximate weight of the rock?
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Session 10: State and Solve a Simpler Problem - Problem Set

\If people do not believe that mathematics is simple, it is only
because they do not realize how complicated life is."

John von Neumann (1903-1957)

1: Below is one way of partitioning a 2� 5 rectangle with dominoes. (Assume dominoes
are 1� 2.) In how many ways can this be done? (Extension: Explore in general how many
ways there are of covering a 2� n rectangle with dominoes.)

2: A googolis a 1 followed by 100 zeroes. How many zeroes are in the squareroot of a
googol?

3: Given a set with 1,234,567 elements, how many subsets does ithave?

4: Modi�ed from the 1976 International Mathematics Olympiad: Determine the largest
number which is the product of positive integers whose sum is1976.
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Session 11: Competition Problems - Meeting Notes

\Let us grant that the pursuit of mathematics is a divine
madness of the human spirit, a refuge from the goading urgency
of contingent happenings."

Alfred North Whitehead (1861-1947)

We may or may not meet for this `session.' It depends on whether we hold the competition
during our regular meeting time. If we do hold the competition during this meeting time,
these documents can be made available to students ahead of time. They contain problems
from old SMC competitions.

Students can, of course, access all the old competitions andanswers online, but here I've
selected a few problems that seem particularly approachable, that have nice features to
them, that illustrate some of the techniques we've looked at, and that represent a variety of
problem-types.

As is mentioned on the handout, point out to students that writers of competitions often
make use of the year the competition is being held in (so students should just
automatically know to prime factorize this year and to studyit for any special properties
before the competition). Writers also often use the lettersof the name of the organization
putting on the competition, in this case AMATYC.

72



Session 11: Competition Problems - Handout

\Let us grant that the pursuit of mathematics is a divine
madness of the human spirit, a refuge from the goading urgency
of contingent happenings."

Alfred North Whitehead (1861-1947)

All problems on this handout are taken from previous American Mathematics Association
of Two Year Colleges (AMATYC) Student Math League Competitions. Notice that in
many of the problems you see the letters AMTYC used and numbers that are recent years
(such as 2010) being used. This is something competition writers often do, so one thing
you should do as you prepare is to be very familiar with the numerical properties of the
current year. Before the day of the competition make sure youare familiar with the prime
factorization of the current year and be aware of whether is has any special properties, such
as being a perfect square, a triangular number, a Fibonacci number, etc. The answers to
the following 4 problems are on the back of this page.

1: In the expression (AM )(AT )(Y C), each di�erent letter is replaced by a di�erent digit
0 to 9 to form three two-digit numbers. If the product is to be as large as possible, what
are the last two digits of the product?

A. 20 B. 40 C. 50 D. 60 E. 90

2: Let bxc represent the greatest integer� x. Find
2010X

n=1

blog5 nc

A. 7256 B. 7260 C. 7262 D. 7263 E. 7264

3: If M =
�

0 2
5 0

�
and N =

�
0 5
2 0

�
, �nd M 2005.

A. 101002M B. 101002N C. 102004M D. 102004N E. 102005M

4: Call a positive integerbiprime if it is the product of exactly two distinct primes (thus
6 and 15 are biprime, but 9 and 12 are not). IfN is the smallest number such thatN ,
N + 1, and N + 2 are all biprime, �nd the largest prime factor of N (N + 1)( N + 2).

A. 13 B. 17 C. 29 D. 43 E. 47
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Answers

1) A 2) E 3) A 4) B
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Session 11: Competition Problems - Problem Set

\Let us grant that the pursuit of mathematics is a divine
madness of the human spirit, a refuge from the goading urgency
of contingent happenings."

Alfred North Whitehead (1861-1947)
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Session 11: Hints and Answers to Handout and Problem Set

Handout:

1) A 2) E 3) A 4) B

Problem Set:

1) ? 2) ? 3) ? 4) ? 5) ?
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Session 12: Dots and Boxes Game and Competition Reection - M eeting Notes

\Go down deep enough into anything and you will �nd
mathematics."

attributed to Dean Charles Schlichter

Answers to `my favorite competition problems.'
1) D 2) A 3) D 4) E

Decide on the structure of this seminar depending on the semester and how much time
participants have been able to put into thoughts about the Dots and Boxes game. The day
can be used as a Dots and Boxes tournament. Grids are available on page 2 of the
handout. All are 5� 5 so that there cannot be ties. Some good issues to talk about are
what the winning (or helpful) strategies are, whether or notyou want to go �rst, what
happens if the grid is a rectangle that is not a square, if it isalways possible to force a tie
in an even by even grid, what happens when you play with more than two people, etc.

Also included are problems from the most recent competitionto be used if students are
interested in going in that direction or if they haven't donemuch with Dots and Boxes or
if, for some reason, spending the full session time on gamingdoesn't feel right. OR the
competition problems can be used as time-�llers during the competition if some
participants �nish rounds earlier than others!! Start our time with sign ins and a round
robin tournament (I can be in or out depending on the parity ofpeople present). The
winners will play on the board in front of the whole group (forprizes?). Those who aren't
playing can work on the competition problems. After the winners play, discuss strategy
(give out awards?), and then talk about the competition problems in whatever time is left.

The Problem Set also has dots and lines, but used di�erently.The next session assumes
that students have not taken �nite math, but some may have. The Problem Set is intended
to set us up for a conversation about even and odd vertices andEulerian circuits and trails.
The emphasis of the next session is that of representation and modeling, and it begins with
using graph theory to model theInstant Insanity game, after that the Problem Set can be
looked at and the K•onigsberg Bridge Problem can be exploredalso in terms of
representation and modeling.
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Dots and Boxes Tournament
Score Sheet

For this tournament you will need to gather into groups of four. If the number of
participants is not divisible by four we will also have some groups of �ve. Use the 5� 5
grids on the back of your handout for today's session. Play one game with each person at
your table (one-on-one). Record your score as the number of boxes you claimed in each
game, and then add 20 points for each game you won; then divideby the number of people
at your table. High scorers from each table will move on to thesemi-�nal round.

Main Round

points for points for points for points for points for
game one game two game three game four game �ve

Sum of game points above: + 20� = � =
(# wins) (# people) (round total)

Semi-Finals

points for points for points for points for points for
game one game two game three game four game �ve

Sum of game points above: + 20� = � =
(# wins) (# people) (round total)
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Session 12: Dots and Boxes Game and Competition Reection - H andout

\Go down deep enough into anything and you will �nd
mathematics."

attributed to Dean Charles Schlichter

Our main focus today is this semester's game, Dots and Boxes.As the quote above says,
\Go down deep enough into anything and you will �nd mathematics." Much mathematics
that we �nd very important and applicable today began with curiosity and playfulness and
not necessarily with an eye to application at all. Some of thebest examples of this can be
found in the history of number theory and in the history of knot theory. Additionally,
though there are many de�nitions of mathematics, it is possible to look at mathematics as
the biggest game in the universe. The great mathematician David Hilbert said,
\Mathematics is a game played according to certain simple rules with meaningless marks
on paper."

So we will spend time on Dots and Boxes. Also included here aresome of my favorite
problems from this year's recently held AMATYC/SML competition, which some members
of our group took part in:

1: A domino is a 1� 2 rectangle. When 8 dominos are formed into all possible rectangles
with no spaces or gaps, letP be the greatest possible perimeter andp the least possible
perimeter. Find P=p.

A. 1:25 B. 1:75 C. 2 D. 2:125 E. 2:375

2: The 5-digit number 217xy has 5 di�erent digits and a factor of 45. Findx + y:

A. 8 B. 9 C. 10 D. 11 E. 12

3: Let S = f 3; 5; 7; 11; 13; 17g. How many elements ofS are factors of 260 � 1?

A. 2 B. 3 C. 4 D. 5 E. 6

4: Di�erent letters are placed on the 18 faces of 3 standard 6-sided dice, one per face.
Choosing 1 letter from each die, the following words can be formed: bow, boy, cot, dry, gas,
hat, oat old, one, pay, pie, red, six. Which of the following could also be spelled?

A. eat B. rap C. top D. wad E. won
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Dots and Boxes Grids
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Session 12: Dots and Boxes Game and Competition Reection - P roblem Set

\Go down deep enough into anything and you will �nd
mathematics."

attributed to Dean Charles Schlichter

The �gures on this handout involve dots (vertices) and line segments (edges). The goal is
to try to trace each �gure without lifting your pencil, witho ut missing an edge, and
without tracing an edge more than once (if possible!). Note whether or not you were able
to trace each �gure.
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The �gures on the previous side went from simple to complex asyou worked your way
down the page. The two �gures at the bottom of this page are more complex yet. Trying to
determine if a �gure is traceable can become very tedious if your approach to determining
this is to try over and over and over until you �nd a path or until you decide to give up.

One item to notice with each �gure is how many edges emanate from each vertex, and
speci�cally whether this number is even or odd. This number is known as thedegreeof the
vertex. In the �gure below the vertex labeledA has degree 3, an odd degree. The vertex
labeledB has degree 4, an even degree.

A

B

As you look back at the �gures on the �rst side of this page, consider how many even and
how many odd vertices each one has; see if you can �nd a patternrelating that to which
�gures are traceable and which are not. For the �gures that are traceable, does it make a
di�erence where you start when you try to trace them? If so, does this have anything to do
with the number of odd and even vertices? Use your �ndings to determine (without trying
to trace them) whether the �gures below can be traced or not.
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Session 13: Graph Theory - Meeting Notes

\Mathematics is the art of giving the same name to di�erent things."

Henri Poincar�e (1854-1912)

MATERIALS: Sets of Instant Insanity cubes - enough for 1 set for every 2 to 4
participants.

This session will be di�erent from most others - a very guided̀problem solving' experience.
It is intended to illustrate how mathematical structures can be used to model physical
objects in surprising ways and how the math can then be used tosolve what could
otherwise be a nearly impossible problem.

The Problem Set from the previous session involved an exploration of traversability of
graphs based on number of even and odd vertices. But since theInstant Insanity project
may take a long period of time (half an hour to an hour and a halfdepending on the
group!), that should be done �rst. Then the lesson can shift into a discussion of Euler
graphs and circuits and also the history of graph theory, including the famous K•onigsberg
Bridge Problem. Here the emphasis should be on modeling and representation as well.

Directions for the Instant Insanity solution are as follows:
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Session 13: Graph Theory - Handout

\Mathematics is the art of giving the same name to di�erent things."

Henri Poincar�e (1854-1912)

Instant Insanity is a puzzle that was �rst marketed by ParkerBrothers in 1967. It consists
of four cubes, with each face painted one of four di�erent colors (we'll be using red, blue,
yellow and green). The object of the puzzle is to stack the four cubes one on top of the
other, so that on each side of the stack each cube face is showing a di�erent color - in other
words so that each of the four colors shows on each side.

QUESTION: In general, how easy would this be so solve by trialand error? In other
words, how many di�erent ways can you arrange the cubes whilestacking like this?

The squares below are provided as a place for you to put your cubes so that you can keep
track of them and not lose your place.

CUBE A CUBE B CUBE C CUBE D

Draw a descriptive graph below for each of the cubes above.

CUBE A CUBE B CUBE C CUBE D
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Create a composite graph below containing all four graphs from the last page. Label each
edge according to the cube it originally came from (A, B, C, orD) - or, rather than
labeling, use 4 colored pencils to record which edge came from which cube.

Now, use the edges from the complete graph above to make two sub-graphs below. Each
sub-graph should have one edge from each cube (for a total of 4), and each vertex should
have order 2 (which will mean that each color is used twice - once each front and back,
once each top and bottom).

FRONT/BACK TOP/BOTTOM

Use the information from the subgraphs above to write up a chart describing the solution.
Make sure that each column has each color listed once only. Rows can have repeated colors.

CUBE FRONT BACK TOP BOTTOM
A

B

C

D
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Session 13: Graph Theory - Problem Set

\Mathematics is the art of giving the same name to di�erent things."

Henri Poincar�e (1854-1912)

1) Below is the river Flos, which ows through the city Ruritania. The people of the city
challenge each other to take a bridge tour by walking across each bridge exactly once and
not missing any of the bridges. Is such a walk possible? If so,�nd it. If not explain why it
is not possible.

2) A monkey made the tracks in the sand in each of the following�gures by beginning at
the tree marked by the arrow and moving from tree to tree as shown by the dotted lines. If
the monkey did not retrace any tracks, in which tree or trees is it possible for the monkey
to be hiding?

3) The rectangle below is separated into 5 `rooms.' If possible �nd a path through each
wall exactly once using a continuous curve. (There are 16 walls in this image.)
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The following are ancient Japanese puzzles3 known as `Hiroimono,' which means `things
picked up.' Originally the goal was to pick up stones from a Goboard. Rather than picking
up stones you will be asked to number the circles in the order you would have picked them
up had they been stones. To do this you will decide on a starting circle and write the
number 1 in it; then move left, right, up or down to a new circleand write the number 2 in
it. Continue moving and �lling in circles according to the following restrictions:

1. Moves may only be horizontal or vertical, never diagonal.

2. You may not pass over un�lled circles. You may, however, pass over �lled circles or
empty spaces between circles.

3. You may not retrace any part of your most recent move. For example, if you just
moved left to right, your next move cannot be from right to left.

These may have more than one solution, but �nding even one is sometimes tricky. Tip:
keep an eraser handy or make multiple copies of this page. Onehas been done for you as
an example:

Sample

9

1 2 6 5

3 4

8 7

H-Cross Gemini

Hockey Mask Phoenix Hang-glider

3Recreated from GAMES Magazine, August 1985, p. 30
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Session 14: Recognitions, Party and Fourth Dimension - Meet ing Notes

\Future historians of science may well record that one of the
greatest conceptual revolutions in the twentieth-centuryscience
was the realization that hyperspace may be the key to unlock the
deepest secrets of nature and Creation itself."

Michio Kaku, physicist (b. 1947)

Considerations for Spring 2014:

We missed the previous seminar. Parts of this seminar can/should include:

Euler Trails (follow-up from Session 12 PS)
Mentions of other uses/applications (Towers of Hanoi, 4-color thm., city planning)
DO Instant Insanity
Mention Hiroimono

Other topics (maybe audience choice):

Hiroimono
Dots and Boxes follow up
Back Burner problems (Josephus, 4-D, Wtyho�'s Nym)
Fourth Dimension (show spin - do a bit of intro at least)
Summer Suggestions

Halmos video (H - put this up!!) super tic-tac-toe 4-D Handout

Use the Ed Burger video (or a Flatland video). If the Ed Burgervideo is used, encourage
participants who are tutors to focus on comments about teaching and learning.
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Session 14: Recognitions, Party and Fourth Dimension - Hand out

\Future historians of science may well record that one of the
greatest conceptual revolutions in the twentieth-centuryscience
was the realization that hyperspace may be the key to unlock the
deepest secrets of nature and Creation itself."

Michio Kaku, physicist (b. 1947)

One method of trying to gain insight into the fourth dimension is to imagine
three-dimensional space from the perspective of a two-dimensional being (a \atlander" or
\Ardean"). Another way to try to gain such insight is to imagine analogs of cubes in
various dimensions, a two-dimensional square, a three-dimensional cube, and a
four-dimensional hypercube give us a good start. Each of these objects can be created from
it's analog one dimension below by a process of copying the shape and connecting the
vertices.

There are a variety of ways in which to represent a cube. Probably the most common way is
the `Necker' Cube pictured on the left. Which square is in thefront, and which square is in
the back? If you look at a Necker Cube long enough you can get itto pop back and forth.
Another method is to use perspective, to draw a square withina square, as if one is looking
down into the cube. Yet another method is to unfold the cube, as shown on the right.

None of the above is actually a cube, of course; each one is a two-dimensional
representation of a cube. Because we are used to these representations we can see them as
cubes and understand what is meant, but cubes have depth to them - they have six equal
faces - all of their angles are right angles. None of the aboveimages depicts all of these
elements accurately.
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Similarly to what was done on the previous page, we can represent a hypercube in a
`Necker-type' format or as a cube within a cube or as an unfolded object.

1) I imagine you could easily see on the previous page how you would fold the bottom
right-hand image into a cube. How would you fold the right-hand image above into a
hypercube?

2) We know there are 6 squares in a cube. (That's why standard dice have 6 sides!) Use
the image on the right above to determine how many cubes are ina hypercube.

90



I hope you discovered on the previous page that a hypercube contains 8 cubes. Below you
see multiple copies of two di�erent models of a hypercube. One model corresponds to the
Necker Cube, and one corresponds to the square within a square model. Choose one (or
both!) models, and try to �nd each of the 8 cubes. Use a high-lighter or crayon to outline
each cube as you �nd it.
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Session 14: Recognitions, Party and Fourth Dimension - Prob lem Set

\Future historians of science may well record that one of the
greatest conceptual revolutions in the twentieth-centuryscience
was the realization that hyperspace may be the key to unlock the
deepest secrets of nature and Creation itself."

Michio Kaku, physicist (b. 1947)

This is the last seminar of the semester. In our semester-ending seminars I like to cover
things that are a little lighter or more whimsical but still t hought-provoking. In this
seminar we will consider dimensionality, particularly thefourth-dimension.

The idea of a fourth dimension of space was a hot topic in popular culture during the late
1800s and early 1900s. One conception of the fourth dimension is that it is a spiritual
realm, the dwelling-place of angels and ghosts. Sc�eances were a popular past-time during
that period. That all sounds very non-mathematical and non-scienti�c, but fourth or
higher dimensions are often spoken of in mathematics and science, and some place in which
we hear about higher dimensions are in Einstein's Theory of Relativity and in the physics
of String Theory. This can be seen in our quote for this seminar by renowned physicist
Michio Kaku.

Our experience is that of three spatial dimensions, and because we are embedded in what
we experience to be three-dimensional space it is very di�cult to comprehend what an
experience of four-dimensional space would be. If we were able to inhabit the fourth
dimension we would be able to do all sorts of things that wouldseem magical or miraculous
to those still dwelling in the third dimension. We would be able to perform surgery without
cutting the patient's skin. We would be able to rob a safe without opening it. We would be
able to reverse ourselves (for instance we could move into the fourth dimension and come
back with our heart in the right side of our chest instead of the left). How can we begin to
understand what that kind of reality is like? One approach isto drop down a dimension
and try to understand how a two-dimensional being might be able to comprehend a
three-dimensional reality. This was done most famously by Edwin Abbott in his book
Flatland: A Romance of Many Dimensions, written in 1884.
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In Abbott's book the beings are polygons and lines that live in the plane. Women are lines,
men are polygons. The more sides you have the higher you rank in society. Women are the
lowest rank, but they are also very dangerous because they can use their sharp ends to
puncture the men! Of course their houses, as you can see below, are di�erent from ours:

Something that isn't quite a good analogy to our world in Abbott's book, however, is the
fact that the two-dimensions beings have full freedom of movement within the plane. We
don't have full freedom of movement in our three-dimensional world. We are held to our
planet by gravity, and though there are ways to overcome that- jumping, getting in an
airplane, getting in a rocket - all of those take signi�cant e�ort. Another approach to
considering a two-dimensional world is that of A. K. Dewdneyin his 1984 bookPlaniverse.
In it he imagines the beings held by gravity to the surface of acircle, as we are held to our
spherical earth. What would it be like to exist in the Planiverse? Beings who were
left-facing and beings who were right-facing might have to walk all the way around the
planet in order to have a face-to-face conversation:

Can you see how such a being would have to be able to access the third dimension in order
to turn around?

Feels restrictive and claustrophobic to think of living in atwo-dimensional world, but we
also are restricted by not being able to access more than our three dimensions!!
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What other issues besides whether or not they are able to talkface-to-face might these
Dewdney's two-dimensional creatures have? Consider the following questions:

1. What sort of biology would they have? (If they had a digestive system open on both
ends they would fall apart, having been split in half! And would people be left-facing
or right-facing as we've imagined on the previous page?)

2. Could people build houses on top of their planet? If so, howwould people move
around?

3. If someone was walking toward you, how could you walk around that person to get
past them?

4. What sorts of sports or games might they be able to play? Could such a being juggle?

Here are some images that illustrate how Dewdney and others have dealt with these
questions. What do you think is being addressed in each image, and how does it solve a
problem that has been posed?
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Further questions:

- What other sorts of structures might exist in this world?

- What types of technology might they have?

- How might we be restricted dimensionally in ways you hadn'tthought of before?

- How could you do the `magical' things I mentioned on the �rstpage of this document if
you were a four-dimensional being?

This is our last meeting of the academic year, I know some of you are interested in
continuing to pursue some of the topics we've discussed and to go even further with
problem solving. Here are some things you might be interested in:

- There are `back-burner' problems at our website that we didn't a chance to �nish up.
Those would be good challenges to go back to and can be found byscrolling to the bottom
of the page at: http://meyerh.faculty.mjc.edu/pssresources.html

- There are also math problems, puzzles, games, tricks and videos at my `fun math' site
which can be found at: http://meyerh.faculty.mjc.edu/funmath.html

- Additionally, my `fun math' site, above, has a video about what fourth dimensional
beings can do and why. Scroll down at the link above until you see `Full Length Videos'
and then `The Fourth Dimension.'

HAVE A GREAT SUMMER!!
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